A WEAK* SEPARABLE C(K)* SPACE WHOSE UNIT BALL IS NOT 

WEAK* SEPARABLE 



A. AVILES, G. PLEBANEK, AND J. RODRIGUEZ 

Abstract. Wc provide a ZFC example of a compact space K such that C(K)* is 
iu*-separable but its closed unit ball Bc(k)» is n °t u;*-separablc. All previous exam- 
ples of such kind had been constructed under CH. We also discuss the measurability 
of the suprcmum norm on that C{K) equipped with its weak Bairc cr-algebra. 



1. Introduction 

Let K be a compact space (all our topological spaces are assumed to be Haus- 
dorff ) and let C (K) be the Banach space of all continuous real- valued functions on K 
(equipped with the supremum norm). One can consider the following list of properties 
related to separability in K and C(K)*: 

(a) K is separable; 

(b) K carries a strictly positive measure of countable type; 

(c) P{K) (the set of all Radon probability measures on K) is w*-separable; 

(d) B C (k)* (the closed unit ball of C(K)*) is u;*-separable; 

(e) C(K)* is w*-separable. 

It is known that the following implications hold 

(a) =► (b) =► (c) <=► (d) => (e) 

and cannot be reversed in general. Indeed, the Stone space of the measure algebra 
of the Lebesgue measure on [0, 1] satisfies (b) but not (a), while Talagrand pj3] con- 
structed under CH two examples showing that (c)=^(b) and (e)=^(c) do not hold. 
Recently, Dzamonja and Plebanek [2] gave a ZFC counterexample to (c)=^(b). 

In this paper we provide a ZFC example of a compact space K witnessing that the 
implication (e)=^(c) does not hold, i.e. C(K)* is u>*-separable but B C (k)* is not. The 
construction is given in Section [2] (see Theorem 12. ip and uses techniques which are 
similar to those of [2]. 
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Section E]is devoted to discuss further properties of that example which are relevant 
within the topic of measurability in Banach spaces. In every Banach space X one 
can consider the Baire cr-algebra of the weak topology, denoted by Ba(X, w), which 
coincides with the cr-algebra on X generated by X* (see (3j Theorem 2.3]). While 
Ba(A, w) coincides with the Borel cr-algebra of the norm topology if X is separable, 
both cr-algebras may be different if X is nonseparable. Given any equivalent norm 
|| • || on X, its closed unit ball Bx belongs to Ba(X, w) if and only if || ■ || is Ba(X, im- 
measurable (as a real- valued function on X). It is easy to check that: 

Bx* is w*-separable ==>- || • || is Ba(X, w)-measurable ==>• X* is w*-separable. 
None of the reverse implications holds in general [H] . It seems to be an open problem 
whether the weak Baire measurability of the supremum norm of a C(K) space is 
equivalent to either C(K)* being w*-separable, or to B C (k)* being w*-separable. Our 
compact space K of Section [2] would settle one of the two questions in the negative, 
but we have been unable to determine the degree of measurability of the supremum 
norm on that C(K). We shall show, however, that at least there exists a norm dense 
set E C C(K) where the restriction of the supremum norm is relatively Ba(C(i^), im- 
measurable (Theorem 13. 10H . This set E can be taken to be the linear span of the 
characteristic functions of clopen subsets of K under the set-theoretic assumption 
that c is a Kunen cardinal (Theorem I3.22p . 

Terminology. We write V(S) to denote the power set of any set S. The cardinality 
of S is denoted by | jS* j _ The letter c stands for the cardinality of the continuum. A 
probability measure v is said to be of countable type if the space L x [y) is separable. 
For a compact space K, we usually identify the dual space C(K)* with the space of 
all Radon measures on K. Given a Boolean algebra 21, we write 2l + to denote the set 
of all nonzero elements of 21. For the Boolean operations we use the usual symbols U, 
fl, etc. and we write and 1 for the least and the greatest element. The Stone space 
of all ultrafilters on 21 is denoted by ULT(2l). Recall that the Stone isomorphism 
between 21 and the algebra Clop(ULT(2l)) of clopen subsets of ULT(2l) is given by 

21 Clop(ULT(2l)), a h-> a = {J 7 G ULT(2l) : a G J 7 }. 

Every measure /i on 21 induces a measure a i— > fi(a) on Clop(ULT(2l)) which can be 
uniquely extended to a Radon measure on ULT(2l) (see e.g. [HH Chapter 5]); such 
Radon measure is still denoted by the same letter /i. 

Given a set S and a family T> of subsets of S, the a-algebra on S generated by T> 
is denoted by o~(V). If (fl, E) is any measurable space and n G N, we write ® n S to 
denote the usual product cr-algebra on Q n , that is, 

<g> n £ = cr({Ai x • • • x A„, : Ai G E for all % = 1, . . . ,n}). 

A cardinal k is called a Kunen cardinal if the equality 

V(k x k) = V(k)®V(k) 
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holds true. Of course, in this case we have V(k u ) = <g> n T > {K) for every n G N. This 
notion was investigated by Kunen in his doctoral dissertation [10]. It is known that: 

(i) any Kunen cardinal is less than or equal to c; 

(ii) uj\ is a Kunen cardinal; 

(hi) c is a Kunen cardinal under Martin's axiom, while it is relatively consistent 
that c is not a Kunen cardinal. 

Kunen cardinals have been considered by Talagrand p2], Fremlin [7] and the au- 
thors [I] in connection with measurability properties of Banach spaces, and also by 
Todorcevic [19] in connection with universality properties of £od/cq. 

2. The example 

Fix any cardinal k such that u\ < k < c. Let A be the usual product probability 
measure on the Baire cx-algebra of 2 K and let 23 be its measure algebra. Note that 
23 has cardinality c since every Baire subset of 1 K is determined by countably many 
coordinates (see e.g. 254M]). The letter A will also stand for the corresponding 
probability measure on 23. We shall work in the countable simple product £ := 23 N 
of 03, so that every c G £ is a sequence c = (c(n))„ where c(n) G 23 for all n G N. On 
the Boolean algebra <£ we consider the sequence of probability measures {/x n : n G N} 
defined by 

/i n (c) := A(c(n)) for all cG C. 
Let {N b : b G 23 + } be a fixed independent family of subsets of N, i.e. 

f)N b \\jN b ,^$ 

bes b'et 

whenever s,t C 23 + are finite and disjoint (see e.g. [H p. 180, Exercise 3.6.F]). For 
each b G 23 + , define an element G b G £ by declaring 

'b if nGiVfe 
otherwise. 



G h (n) 



Let 21 be the subalgebra of £ generated by {G b : b G 23 + } and write K := ULT(2t). 
This section is devoted to prove the following: 

Theorem 2.1. B C (k)* is not w* -separable, while {/i n : n G N} separates the points 
of C(K), so C(K)* is w* -separable. 

In order to prove Theorem 12.11 we need some previous work. For any finite sets 
s, t C 23 + we consider the following elements of 21: 

J(s):=f]G b , U(t):=\jG b and W(s, t) := J(s) \ U(t). 

b£s bet 

The Boolean algebra 21 is completely determined up to isomorphism when given its 
set of generators {G b : b G 23 + } and which elements W(s,t) are zero. In this sense, 
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Lemma 12.21 below is interpreted as the fact that 21 is isomorphic to the free Boolean 
algebra generated by {G b : b G 93 + } modulo the relations that W(s, t) = if and only 
if s D t ^ or f] bes b = 

Lemma 2.2. For £u>o finite sets s, t C Q3 + ; we /iai>e W(s, t) = if and only ifsHt ^ 
or flbes ^ = 0. In particular, for a finite s C 53+ i/te following are equivalent: 

(1) n*=.& = °; 

(2) J(s) = 0; 

(3) W(s, t) = /or a// jiniie tC*B + \ s; 

(4) W(s, t) = /or some /im'te £ C 93+ \ s. 

Proof. It is clear that if s D £ 7^ then W(s, £) = 0. On the other hand, let us observe 
that for every nGNwe have 



(2.1) J(a)(n)=f|G 



fees 




6 ifnen 6es iV 6 
otherwise. 



So if f] bes b = 0, then W(s,t) C J(s) = as well. For the converse, suppose that 
s fl £ = and f\es ^ 7^ 0> and pick 

n ef)N b \{jN b ,. 

b£s vet 

Then 

W(s,t)(n ) = f]G b (n ) \ \J G b ,(n ) = f]b ^ 
fees b'et foes 

and so W(s,t) 7^ 0. The second part of the lemma, with the list of equivalences, 
follows from the first statement and the arguments above. □ 

We next describe K = ULT(2l). Let us consider the family of all subsets of 23 with 
the finite intersection property, that is 

FIP(«B) = {X C 53+ : b x n . . . D b n ^ for every b u . . . , b n G X) . 

Given X G FIP(*8), let Tx be the filter on 21 generated by 

{W(s, t): sCX finite, £ C 93 + \ X finite} 

(notice that this set has the finite intersection property by Lemma [2. 21) . 

Lemma 2.3. AT = : X G FIP(Q3)} 

Proof. Every filter of the form Tx is an ultrafilter on 21, because {G b : 6 G 23 + } is a 
set of generators of 21 and, for each b G 23 + , we have either G b = W({b}, 0) G J-x (if 
b G X) or 1 \ G b = W(0, {b}) G JF X (if & £ X). Conversely, let T be any ultrafilter 
on 21 and consider X := {b G 93+ : G b G J 7 }. Notice that X G FIP(*8) and that, for 
each b G 93 + , we have 

Gb G J"x G J 7 . 



A WEAK* SEPARABLE C(K)* SPACE WHOSE UNIT BALL IS NOT WEAK* SEPARABLE 5 



Since {Gb ■ b G 25 + } is a set of generators of 21, it follows that T = Tx- D 

Let FIPo(23) be the family of all s G FIP(QS) which are finite. The next lemma says 
that the clopens of the form W(s,t) are a basis of the topology of K, and also that 
{F s : s G FIP (93)} is dense in K. 

Lemma 2.4. Let a G 2l + and T Ea C K . 

(i) There exist s G FIP (53) and a finite set t C Q3 + \s such that T G W(s, t) C a. 

(ii) If J 7 = F so for some s G FLP (23), i/ien we can choose s = s in (i). 

Proof, (i) Take / C < B + finite such that a belongs to the subalgebra of 21 generated 
by {Gb '■ b G /}. Then a can be written as the union of finitely many elements of the 
form W(s,t), where s U t — I and s Ht = 0. Since a G J 7 , there exist s and t as before 
such that W(s,t) G J 7 , hence s G FIP (93) (by Lemma O) and J= G £ «■ 

(ii) Since W(s, t) G J 7 ^, we have G& G JF SQ for all 6 G s and G& G" .F so for all b E t. 
Hence s C s and s D t = 0. Therefore, J-" so G ^(so, t) C W(s, t) C a. □ 

Another ingredient to prove Theorem 12. II is the result isolated in Lemma [2761 below, 
which is a consequence of the following characterization of w*-separability in spaces 
of measures, due to Magerl and Namioka |12j . 

Fact 2.5. Let L be a compact space. Then the space P{L) is w* -separable if and only 
if there is a sequence {v n : n G N} in P(L) such that for every nonempty open set 
V C L there is n G N with u n (V) > 1/2. 

Lemma 2.6. Let 2li and 2I2 be Boolean algebras such that there is another Boolean 
algebra 2I3 containing 2li and 2I2 as subalgebras and the following holds: 

(•k) for every b G 21^ there is a G 21^ sitc/i t/iai a C 6. 
// P(ULT(2t2)) noi w* -separable, then P(ULT(2li)) zs noi w* -separable either. 

Proof. Let {z/ n : n G N} be a sequence of probability measures on 2li. For each n G N, 
we can extend to a probability measure u' n on 2l 3 (see [11] or [13]) and we denote 
by u n the restriction of u' n to 2l 2 . Since P(ULT(2l 2 )) is not w*-separable, by Fact 12.51 
there is b G 21^ such that u n {b) < 1/2 for every n G N. Property (*) allows us to take 
a G such that a C 6. Then 

i/„(a) = z/ (a) < z/(&) = i/ n (6) < 1/2 for every n G N. 

Another appeal to Fact 12.51 ensures that P(ULT(2li)) is not u;*-separable. □ 

We are now ready to deal with Theorem 12.11 

Proof of Theorem \2.1\ According to a result of Rosenthal (see [151 Theorem 3.1]), the 
space L°°{y)* is not u>*-separable whenever v is a probability measure of uncount- 
able type. This implies that P(ULT(23)) is not u>*-separable (bear in mind that 
C(ULT(53)) is isomorphic to L°°(A)). Let 53* be the subalgebra of <£ consisting of all 
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constant sequences. Since 03* is isomorphic to 23, P(ULT(23*)) is not u;*-separable. 
On the other hand, property (*) of Lemma [2.61 holds for 2li = 21 and 2I2 = 23*, hence 
P(K) is not u>*-separable and so P>c(k)* is not w*-separable either. 

We now prove that {/i n : n G N} separates the points of C(K). Fix h G C{K) \ {0}. 

Step 1. Since {J^ : s G FIP (23)} is dense in K (by Lemma l2~47 i)). there is 
s G FIP (23) such that h(JF s ) 7^ 0. Moreover, we can assume further that 

(2.2) h{F s ,) = whenever s' G FIP (23) satisfies \s'\ < \s\ 

and that C := h(J- s ) > 0. By the continuity of /i and Lemma [2.4( ii). there is a finite 
set t C 23+ \ s such that, writing a := W(s, t), we have 

(2.3) h{F) > — for all 7 G a. 

Set 5 := f A(fl 6es b) > and define ft := {r C s : r ^ s} C FIP (23). 

Step 2. Fix r G ft. Since /i is continuous and h(J-" r ) = (by (12. 2p ). we can apply 
Lemma[22](ii) to find a finite set t' r C 23+ \r such that ^(J 7 )] < 5 for all J 7 G 
Writing t r := t' r \s, we have 

a r := W{r,t r U (s \r)) C W(r,t' r ) in 21 

and therefore 

(2.4) |/i(.F)|<<5 for all 7 G a r . 
Step 3. Define 

t* := t U [J t r C 23+ \ s 

and choose n G H&es ^ \ Ub'et* -Wf>' (which is nonempty by independence). Hence 
a(n) = P|&, ar(n)=P|6\ (J 6' for every r G ft, 

fees 6er b'£s\r 

and therefore 

(2.5) l\a(n) C (J a r (n) in 53. 
Step 4. Observe that 



Hn((K\a)\\Ja r ) = \i n I (l \ a) \ (J a r ) = A I (l \ a(n)) \ (J a r (n) 

V rGTC / \ reft / V reft 



W 



Therefore 





r m 


/ hdn n 


< / <i/i n < 5. 


J K\a 
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It follows that 
Hn{h) = / hd[i n + / hdfi„ '. 

Ja JK\a 



n 

r j2T3t C C ( \ C ( \ 

> J hdfi n -5 > _ / , n (S)-5=-A(aH)-5=-AfQ6j-5 = -A(Q6j > 0. 

Thus fi n {h) ^ 0. This finishes the proof. □ 

Remark 2.7. We stress that Rosenthal's theorem used in the proof of Theorem 12.11 
is a weakening of a result stating that L°°(v) is not realcompact whenever v is a 
probability measure of uncountable type, see [6]. 

3. Weak Baire measurability of the norm 

Throughout this section we follow the notation introduced in Section |2J The supre- 
mum norm on C(K) is denoted by || • ||. 

We first show that the family {/i n : n G N} C P(K), though separating the elements 
of C(K), is not rich enough to "measure" E>c(k)- 

Remark 3.1. The supremum norm on C(K) does not have to be measurable with 
respect to the u-algebra generated by {/i n : n G N}. 

Proof. We identify V(N) and {0, 1} N in the usual way. Let Q C 2 N be an independent 
family of subsets of N with \Q\ = c and let E denote the trace of Borel(2 N ) on Q. Then 
|E| = c and so we can find ACQ such that A ^ E and \A\ = \Q \ A\ = c. Now we 
can choose an enumeration Q = {Nt : b G 23 + } such that 

(3.1) A(6) = 1/2 <=^> N b G A. 

Define a function / : Q — > C(K) by 

We claim that / is measurable with respect to E and the cx-algebra on C(K) generated 
by {/i n : n> £ N}. Indeed, for fixed n G N, we have 

(A*» ° f)(N b ) = T^VTjr^niGb) = -^-X{G b (n)) = \ 1 ' 2 ^ G Nb 
2A(6) 2A(6) ^0 otherwise. 

It follows that \x n o / = (l/2)7r n , where ir n : Q C 2 N — >■ {0,1} denotes the n-th 
coordinate projection, hence [i n o / is E-measurable. 

On the other hand, the composition ||/(-)|| : Q — > K is not E-measurable because 

||/(N6)|| = 1 S iV 6 GA 

and A ^ E. This implies that || • || is not measurable with respect to the a-algebra 
on C(K) generated by : n G N}. □ 
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3.1. Measurability on a norm dense set. Let S(K) denote the dense subspace of 
C(K) consisting of all linear combinations of characteristic functions of clopen subsets 
of K. The next simple lemma provides a useful representation of the elements of S(K). 

Lemma 3.2. Let g G S(K). Then there exist s C Q3 + finite and a collection of real 
numbers {y r : r C s} such that 



9 = J2y A ^ 

Proof. We can write g as 



r)- 

rCs 



g 22 Zr '^w(r',s\r') 

r'Cs 

for some s C Q3 + finite and certain collection of real numbers {z r > : r' C s}. Note that 
there is a (unique) collection of real numbers {y r : r C s} such that 

(3.2) z r i = / ]y r for every r' C s. 

rCr' 

Since 

J{ r ) = U W / ( r ' ) s \ r ') for every r C s 

rCr'Cs 

we conclude that 



V(r) 

r'Cs r'CsrCr' rCs rCr'Cs rCs 



and the proof is over. □ 
We denote by S'(K) the set of all g e S(K) which can be written as 

rCs 

for some finite set s C Q3 + and some collection of nonzero real numbers {y r : r C s}. 
It is easy to check (via Lemma I3.2p that S'(K) is norm dense in S(K) and so, S'(K) 
is norm dense in C(K). In Theorem 13.101 we shall prove that the restriction of the 
supremum norm to S'(K) is measurable with respect to the trace of Ba(C(iC), w) 
on S'(K). The proof requires some work and the first step is to find a substantially 
larger family of measures to deal with. 

Lemma 3.3. For each T C 23 + and each k £ N there is a probability measure ^ 
on 21 such that, for every finite set r C 03+ , we have 

rf(J(r)) = / A ^ 6 )* l/r£T ' 
otherwise. 
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Moreover, for every finite disjoint sets r, s C Q3 + , we have 



Sometimes we shall write /j,t '■= l^r- 

Proof. Let 03 ^ := 23 <S> ■ ■ • £g> 03 denote the free product of k many copies of 23 and 
let Afc denote the product measure on 23^ (see e.g. [HI 2.25]). Consider the function 
: 23+ ->■ 23 fc defined by 



Then yjj, preserves disjointness, so there is a Boolean homomorphism (p\ : 21 — > 05^ 
such that (pj,{G^) = (p^(b) for all 6 G 23 + (bear in mind that 21 is isomorphic to the 
Boolean algebra freely generated by the GVs modulo the relations that W(s,t) = 
if and only if s D t ^ or f\es ^ = 0> see Lemma 12.21 and the preceding comments). 
Now, it is not difficult to check that the formula 



From the technical point of view, the following subsets of S(K) will play a relevant 
role in our proof of Theorem 13.101 

Definition 3.4. Let D be a finite partition of 23 + . We denote by Sd{K) (resp. 
S' D (K) ) the set of all g G S(K) which can be written as 



for some finite set s C 23 + such that \T n s\ < 1 for every T G D and some collection 
of real numbers (resp. nonzero real numbers) {y r : r C s}. 

Definition 3.5. Let D be a finite partition of 23 + and C C D. We define: 





b ® • ■ • <g> b if b G T, 
otherwise. 



/4(a) := \ k ((p k T (a)) 
defines a probability measure fij, on 21 satisfying the required property. 



□ 





1,2) by 




BCC 



(iii) a function 9 C : C(X) — >■ K fry 



(^G?)) 2 



if Vc(g) 7^ and ^(sO : = otherwise; 
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(iv) a function r\ c '■ C(K) — > E by 

( \ "bid) 

0c[g) 

if 9c(g) 7^ and rjc{g) '■= otherwise. 

Clearly, the functions 9q and rjo defined above are B&(C(K), u>)-measurable. The 
following lemma collects several useful properties of such functions. 

Lemma 3.6. Let D be a finite partition of Q3 + and let g G So{K) be as in Defini- 
tion 3.4' Fix r C s and k G {1,2}. Writing 

C r := {T G D : THr ^ 0}, 

the following statements hold: 

(i) IfCCC r then v k c {J{r)) = /4 c (J(r)). 

(ii) IfC r CC CD then v%(J(r)) = 0. 
(hi) v c M = yr(HPi b erb)) k - 

(iv) IfJ{r)^Qthen6 Cr {g) = Vv 

(v) // J(r) ^ and y r + 0, &en ^ r (y) = A(f\ er 6). 

Proof, (i) For each BCCwe have r <2 Tg (because C C C r ) and so (J r (r)) = 0. 
Hence 



(^(r)) = E(- 1 ) |£AB| A( J ( r ))=A4( J (0)- 



(ii) For each BCC with C r ^ B we have r ^ Tg and so ^T B (J( r )) = 0- On 
the other hand, given any C r C 5 C C we have r C Tc r C Tg and therefore 
f4 B (J(r)) = (\{(\ er b)) k . Hence 

»*u(0) = E(- 1 ) |OVfl| ^( J ( r ))= E (-^ m t4s(J(r)) = 



BCC CrCBCC 



\b€r / / CrCBCC 



The assumption C ^ C r implies 



E (-i) |CAB| = E H) |A| = °. 

CrCBCC ACC\C r 

as can be easily checked by induction on \C \C r \. Therefore, i / o(J( r )) = 0. 

(iii) Take any r' C s. Note first that if r' % r then r' <2 Tb for every B C C r , hence 

4M(r'))= E(- 1 ) |CAB| ^ S (^')) = 0. 

BCCr 
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On the other hand, if r' C r, then C r > C C r and (ii) implies Vc r {J{ r ')) — 0. Observe 
also that i/&.(J(r)) = MRier 6 ))* ( b Y (*))■ !t follows that 

"CM = E^'^( J ( r ')) = Wr^( J (0) = Vr U (CI 1 )) ■ 
r'Cs \ \ber J J 

(iv) Bearing in mind (iii) and the fact that J(r) ^ 0, we have y r = if and only 
if v 2 Cr {g) = 0. Thus, by the very definition of 9c r , the equality 9c,.(g) = y r holds 
whenever y r = 0. On the other hand, if y r ^ then 

a i \ ( U C r (9)) 2 (iii) 

and 

/ x V CXS) (iii) 

" c ' (9) = <hM) = 

which proves (v). □ 

Our next step is to prove that, for any Z C <B + and pGN, the mapping g i— >■ fiz{g p ) 
is measurable with respect to the trace of Ba(C(X),io) on S'(K) (see Lemma [3791 
below). We begin by checking the measurability on subsets of the form S' D (K). 

Lemma 3.7. Let Z C 23 + 6e a set, D a finite partition o/Q3 + finer than {Z, < B + \ Z} 
and pgN. Then the mapping 

<f> z>p :S' D {K)^R, <f> z>p (g) - M9 P ), 
is measurable with respect to the trace ofB&(C(K),w) on S' D (K). 

Proof. Write D(Z) := {T e D : T C Z} and let A be the set of all = ((3 c )ccd(z) 
such that p c e N U {0} for all C C D(Z) and Eccd(z) ft? = P- We write 

(!) := n ^ , , ^d CG9):= |J C. 

To prove the measurability of 0z, p with respect to the trace of B&(C(K), w) on S' D (K) 
it is sufficient to check that, for each g e S' D (K), the following equality holds: 



(3.3) faM = W 

/3eA ^ 



n e c(9) 

CCD(Z) 
\ /?C>0 / 



Step 1. Write 

g = ^2vri 



J(r)> 
rCs 
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where s C *B + is finite, \T D s\ < 1 for every T E D and i/ r 6l \ {0} for all r C s. Let 
A be the set of all 5 = (£ r ) r c s such that 5 r G N U {0} for all r C s and E r c s ^ = P- 
Writing 



p! 



and r(6) := 



we have 



<5gA 



n 

rCs 
,5 r >0 



(5 r 



rCs 
5 r >0 



J(r(S)) 



and so 
(3.4) 



Wff) = M<f ) = E 



5eA 









(3 




A*s(-7(K*))) 


rCs J 

\5r>0 / 





Step 2. Let 5 G A such that nz(J(r(5))) ^ 0. For any r C s with 5 r > we have 
J(r) ~D J(r(S)), hence /xz(J(r)) 7^ (in particular, J(r) 7^ 0) and so r C Z, which 
implies that C r = {T G D : T n r ^ 0} C £>(Z). Set /3 = (Pc)ccd(z) by declaring 



(3.5) /3 C 
Then Eccd(z) ft? = 



(L if C = C r for some r C s with 5 r > 0, 







ErC s <*r 



otherwise. 

= p, so that /3 G A. Moreover, we have 

C{p)= |J c = |J c r = c r(5) . 



/?c>0 



rCs 
5 r >0 



Since fiz(J(r(S))) ^ 0, we have J(r(6)) ^ and ^ z {J{r{5))) = A(f\ er(5) &). Thus, 
from Lemma l3~6T v) it follows that r]c(p)(g) = Vc r , s) (g) — H z {J (j (&)))■ On the other 
hand, for each r C s with S r > we have ?/ r = 0c r {g) by Lemma I3.6( iv). hence 



n ^)=n^)=n 



y 5 r r - 



CCD(Z) 
/3c >0 



rCs 
<5 r >0 



rCs 
<5 r >0 



Therefore 



n e c(a) 



CCD(Z) 



/ 







\ 




n 




rCs 
\<5 r >0 


/ 



^(J(r(«5))). 



This shows that each nonzero summand of fl3.4[) can be written as a summand of (13. 3p . 
Note also that if 5' G A satisfies nz( J{r{5'))) 7^ and we define j3' = (P'c)ccd(z) £ A 
as in (13.5p (with 5 replaced by 5'), then 0^/3' whenever 5 7^ 5'. 
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Step 3. Let /3 E A such that 

/ \ 



(3.6) 



n e c(9) 

CCD(Z) 
\ Pc>0 I 



Fix C C D(Z) with (3 C > 0. We claim that r c := T c n s satisfies C rc = C. 
Indeed, the inclusion C rc C C is clear. To prove the reverse inclusion, we argue by 
contradiction. Suppose C rc C C. By Lemma [3.6( ii). we have Vc{J{r')) = whenever 
r' C Tc- Since we also have Vc(J( r ')) = f° r every r' C s with r' £ (by the very 
definition of Uq), it follows that Vc{g) = Xlr'Cs ywcW)) = °> hence Ms) = o, 
which contradicts (13. 6p . This shows that C ro = C, as claimed. Now Lemma l3.6( iii) 
ensures that 



vh c (9) = yrc*[ C\ b j 

\b€r c / 



Since Vc{g) ^ 0, the previous equality implies that J{rc) ^ 0. From Lemma f3.6( iv) 
it follows that y rc = 9 Crc (g) = c {g). 
Set S = (S r ) r cs by declaring 



(3.7) 6 r 



P>c if t — r c for some C C D(Z) with /?c > 0, 
otherwise. 



Then J2 r c s $r — J2ccd(z) Pc = P, hence 5 G A. From our previous considerations we 
deduce that 

n e c(9)= n i#=ir- 

CCD(Z) CCD(Z) rCs 

/3 C >0 /3 C >0 <5r>0 

Moreover, we claim that r}c(p)(g) = fiz(J(r(5))). Indeed, since 
C{p)= |J C = |J C rc = |JCr = C r(5) , 

CCD(Z) CCD(Z) rCs 

/3c>0 /3 C >0 <5r>0 

we have T)c(p){g) — Vc r{ g)(.9) an d so A3.6D implies that (g) ^ 0. Bearing in mind 
Lemma [3.6f iii) and the fact that y r m 7^ 0, we infer that J(r(5)) ^ 0. An appeal to 
Lemma IBTBT v) now yields r}c(p)(g) = -Mf\er(<5) ^ n the other hand, the fact that 



r(S)= |J r = |J r c = |J T c n.a 

rCs CCD(Z) CCD(Z) 

<5 r >0 /3 C >0 /3 C >0 

ensures that /i Z (J(r(<5))) = A(f\ 6r((5 ) &)■ It follows that rj C {p){g) = /M J{r(S))). 
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Therefore 




This shows that each nonzero summand of (I3.3P can be written as a summand of (13. 4p . 
Note that if /3' G A satisfies (13. 6p (with (3 replaced by (5') and we define 5' = (S' r ) r c s G A 
as in (13. 7p (with f3 replaced by 0'), then 5^5' whenever (3 ^ (3'. 

Thus, equality (13. 3p holds true and the proof is over. □ 

The following folklore fact will allow us to prove Lemma [3791 as an easy consequence 
of Lemma 13.71 above. 

Remark 3.8. Let (f2, X) be a measurable space. Write Q = U^N^i wnere Q ty+i 
for all j G N. Let A C Q be a set such that, for each j G N, the intersection A R Qj 
belongs to the trace of S on Qj. Then AeE. 

Proof. For each j G N we have A fl = fl f2j for some Ej G E. We claim that 
A = Ukenr\j>k E r Indeed, we have 

a= \jAnn k = un^ n ^ = un^ n ^ un^- 

fc6N k£Nj>k keNj>k k&Nj>k 

On the other hand, for each /c G N, we have 

f|£ 3 = yf]^no n cy E n n fi n = |J A n fi n = A 

j>fe n>k j>k n>k n>k 

It follows that A = U fce N fW E i G S ' D 
Lemma 3.9. Let Z C *B + fre a sei and p G N. Then the mapping 

4>z, P '■ S'(K) — > E, tzM-Hztf)* 
is measurable with respect to the trace of B&(C (K) , w) on S'(K). 

Proof. Since = c, there is a sequence D(1),D(2), ... of finite partitions of *B + , 
each one being finer than {Z, *B + \ Z}, such that: 

• D(J + 1) is finer than -D(j') for all j G N; 

• for every s C 23+ finite there is j G N such that |T n s\ < 1 for all T G D(j). 
Indeed, let £ : {0, 1} N — > < B + be any bijection and, for each j G N and a G {0, l}- 7 , set 

£J := {x G {0, 1} N : x(i) = a(i) for every % = 1, . . . , j}. 

Then the partitions 

D{j) := (£(£J) n Z : a G {0, 1}'} U (£(£J) \ Z : a G {0, 1}'}, j G N, 

fulfill the required properties. 
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Clearly, S'(K) = \J j&i S' D(j) {K) and S> D{j) (K) C S' D{j+1) (K) for all j £ N. The 
measurability of with respect to the trace of Ba(C(K),w) on S'(K) now follows 
from Lemma 13.71 and Remark 13.81 □ 

We have already gathered all the tools needed to prove the main result of this 
subsection: 

Theorem 3.10. The restriction of the supremum norm to S'(K) is measurable with 
respect to the trace of Ba(C (K) , w) on S'(K). 

Proof. We fix a countable algebra Z on 33 + which separates the points of *B + (the 
algebra of clopen subsets of {0, 1} N can be transferred to 53 + via any bijection between 
{0, 1} N and <B + ). We claim that 

(3.8) ||g|| = suplimsup (nz(g 2p )) 2p for every g £ C(K). 

Indeed, the inequality ">" is obvious (each \i% is a probability measure). To verify the 
reverse inequality, fix g £ C(K) and take e > 0. By Lemma l2.4( i) there exist finite 
disjoint sets r, s C 53+ such that (^(J 7 )] > ||g|| — e for every J 7 £ W(r, s) ^ 0. Since Z 
separates the points of D3 + , we can find Z £ Z such that rCZ and s n Z = 0, hence 
f M Z (W(r,s)) = X(C\ b& b)>0. Since 

(Mz(^ 2p ))^ > (Ibll -e)(fi z (W(r,s)))^ for every p £ N, 

we have 

limsup Uz(g 2p ))^ > (\\g\\ ~e) lim (/i z (W(r, a))) * = ||p|| - e. 

As £ > is arbitrary, equality ( 13. 8 p holds true. 

Once we know that || • || is expressed by the formula (13. 8p . the assertion follows from 
Lemma 13.91 □ 



3.2. Measurability on the set of simple functions. Any element of S(K) admits 
a representation which cannot be simplified in a sense, as the following lemma shows. 

Lemma 3.11. Let g £ S(K). Then there exist a finite set s C <B + and a collection 
of real numbers {z r : r C s} such that: 

(ii) there is no s' C s such that 

z r = z r i whenever r fl s' = r' D s' , O 6 7^ and 6 7^ 0. 

6gr 6Gr' 
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Proof. Of course, we can write g as in (i). To get a representation satisfying (ii), we 
proceed by induction on \s\. The case s = being obvious, we assume that s ^ and 
that the induction hypothesis holds. Assume that (ii) fails and fix s' C s such that 

z r = z r i whenever r fl s' = r' n s', [^6^0 and b ^ 0. 

b£r b£r' 

For any t C s' with f] b& b ^ 0, let be the collection of all r C s such that r(ls' = t 
and HfeGr ^ 7^ 0- Then z r = z t for every r E A t and 

W(t,s'\t) = |J W(r,s\r), 

reAt 

as can be easily checked. Hence 

9 = ^ Zrl W~fAr) = X XI Zrl W~(^s\r) = X V~(^\r) = 

rCs tCs' rCs tCs' rGAt 

ms'=t f] bet b^o 

tCs' reAt tCs' tCs' 

Since \s'\ < \s\, the induction hypothesis now ensures that g admits a representation 
satisfying both (i) and (ii). □ 

Definition 3.12. Let D be a finite partition o/*B + . We denote by Ad(K) the set of 
all g G S(K) which can be written as 

9 = X Zrl w(^\r) 

rCs 

for some finite set s C 23+ and some collection of real numbers {z r : r C s} such that: 

(i) \T H s\ — 1 for every T G D; 

(ii) there is no s' C s suc/i i/iai 

z r = v whenever rCls' = r'ns', O 6 7^ and [^6^0. 

Our next step is to prove that the sets y4 D (K) defined above belong to the trace 
of Ba(C(K), w) on S'(J^) (see Corollary 13. 161 below). From now on we fix a countable 
algebra Z on 25 + which separates the points of 23 + (like in the proof of Theorem 13. 10p . 

Lemma 3.13. Let D be a finite partition of 23 + with D C Z and let g G Ajj(K). 
Then for each T G D there is T G Z such that Ht\t (fl 1 ) ^tuTq (<?) ■ 

Proof. Our proof is by contradiction. Suppose there is To G D such that 

(3.9) VT\T (g) = HTuT (g) for every T G Z. 
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Write g = J2 r c s ^Vh?) as * n Definition [3J21 Let s 1 := s\T C s. In order to reach 
a contradiction, we claim that 

z r = z r > whenever r fl s = r fl s , p|&^0and p| 6^0. 

ber ber' 

Indeed, assume that r ^ r' and proceed by induction on |r fl s'| = \r' fl s'|. 

Suppose first that r fl s' = r' fl s' = 0. Then we have r = and r' = T fl s (or 
vice versa). By (13 .9p we have n%(g) = fix (g)- Note that fiqi(g) = z$ and, writing 
T fl s = {6 }, we have Ht {.q) = ^(l — A(5 )) + z T ns^(b ). It follows that 

z = Z0(1 - A(6o)) + ZT n s A(6 ), 

hence ^ = 2T ns, as required. 

Suppose now that r fl s' = r' fl s' ^ 0, together with fiber MM fiber' ^> anc ^ the 
inductive hypothesis. Since r 7^ r', we have either bo G r and 60 ^ r ' or vice versa. We 
assume for instance that bo G r and 60 ^ r '- Then 

r = {60} U (r PI s') and r' = r D s'. 

By the inductive hypothesis, 

(3.10) z ro = z roU{bo} for every r C r'. 

Set 

Ti := T U |J{T G -D : T n s C r'} G Z 
and observe that 7\ fl s = r. Writing 

^(t,t'):=n 6 \ U 6 ' G<B 

bet fe'et' 

for any pair of finite sets t, t' C *B + , we have 
(3.11) 

A*Ti(p) = ^2z ro X(w(r ,r\r )) = ^ z ro A(u;(ro, r\r )) + ^ z r ^(w(r , r'\r )) = 

roCr roCr' roCr 

bo€ro 

= z r >\(w(r', {b })) + 2; ro A(u;(ro,r \r )) + 

ro$>' 

+ z r \(w(r,®)) + ^• u{b„}A('u;(r U{6o},r / \ro)). 

ro$>' 

For each r C r', the elements u>(r ,r \ r ) and w(r U {fro}, 7 "' \ r o) are disjoint and 
their union is w(r ,r' \ r ), hence A3. 10[) yields 

z ro \(w(r ,r'\r )) = z ro \(w(r ,r\ r )) + z n)U{bo} \(w(r U {b },r' \ r )). 
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From (13.111) it follows that 

(3.12) fi Tl (g) = z r ,X(w(r',{b })) + z r X(w(r,$)) + ^ z ro X(w(r , r' \ r )) . 

r Cr' 

Bearing in mind that (T\ \ T ) PI s = r', we also have 

(3.13) fi Tl \T Q (g) = ^2 z ro X ( w ( r o, r '\ r o)) = z r ,X(w(r',®)) + ^ z ro X(w(r , r \ r )) . 

Since /^Ti\t (^) = ^tAq) (by (13. 9p ). equalities (I3.12p and (I3.13P yield 

vA(™(r',{&o})) + z r A(w(r,0)) = ^A(w(r',0)), 
therefore z r A(f\ Gr k) = ■vACD&e- ^) anc ^ so ^ r = Zr '- This flashes the proof. □ 
Remark 3.14. Let g £ S(K) be written as g = J^ rCs z r l^rr^-. for some finite set 
sC<B+ and 2 r £ R. If T, X" C <B+ satisfy T n s = T D s, then /i T (g) = /i T '(o)- 

Proof. For every r C s we have r C T if and only if r C T'. In this case, 
MW(r,s))=x(f)b\ H M=M^(r,»)). 

Hence ii T (g) = E r cr ^rA*r(W'(r, s)) = ErCT' Zr/4r'(W(r, s)) = Hr'(g). □ 

Lemma 3.15. Lei D be a finite partition o/23 + with D <0 Z and let g £ S(K). Then 
g £ ^^(J^) «/ and on/?/ i/ tae following two statements hold: 

(*) /or eacn T Q E D £nere is T E Z such that /j>t\t (9) ^TuT (g); 
(irk) for each Tq £ XJ and eaca finite partition Do of Tq with Dq C 2 ; iaere 
Z £ -Do s^c^ f^T\z(g) — f^Tuz(g) for every Z £ D \ {Z } and T £ Z. 

Proof. "Only if" part. Suppose g £ A D (K) and write g = J2 r c s 
Definition 13.121 Statement (*) holds by Lemma 13.131 To check (**), take To £ D 
and fix a finite partition Dq of To with XJo C Z. Since To D s is a singleton, there is 
Z £ TJ such that Z D s = for every Z E D \ {Z }, and so for any T E Z we have 
(T \ Z) fl s = (T U Z) n s, hence fir\z(g) = f^Tuz(g) (Remark 13. 141) . 

"If" PART. Write q = Y]^ r ^z r l r .r, — r n for some finite set s C *B + and some 

& Z-^/ri-s i W(r,s\r) — 

collection of real numbers {z r : r C s}. By Lemma |3.11[ this representation can be 
chosen in such a way that there is no s' C s such that 

z r = z T i whenever r fl s' = r' fl s', 6 7^ and 6 7^ 0. 

In order to prove that g E Ad(K) we only have to check that \Tq D s\ = 1 for every 
To £ D. Observe first that, for each To £ D, condition (*) tells us that there is T £ Z 
such that fiT\T (g) 7^ ^TuT (g), hence (T \ T ) fl s 7^ (T U T ) fl s (Remark I3.14D and 
so To fl s 7^ 0. Thus, we can find a finite partition D' C 2 of *B + finer than £> such 
that |T' D s| = 1 for every T' E D' . Therefore, g E Ad>(K). 
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Fix T G D and set D := {V G D' : V C T }. By Lemma l3~T3l applied to g 
and D', for each T" G -Do there is T" G Z such that HT"\T'{g) ^ H>T"uT'(g)- This fact 
and condition (*★) yield \D \ = 1, that is, T> = {T } and so |T PI s| — 1. As T G -D 
is arbitrary, g G A^if) and the proof is over. □ 

Corollary 3.16. Let D be a finite partition o/23 + . Then Ad(K) belongs to the trace 
ofB&(C(K),w) on S(K). 

Proof. We can assume without loss of generality (by enlarging Z if necessary) that 
D C Z. Since Z is countable, Lemma [3.151 gives the result. □ 

Our next task is to prove that, under the assumption that c is a Kunen cardinal, 
the restriction of the supremum norm to any set of the form Ajj(K) is relatively 
Bbl(C(K), ^-measurable (Lemma 13.211) . 

Lemma 3.17. Let $ : <B+ -»■ 2 Z be the mapping defined by $(&) := (1t(6))tg£- Set 
Q := $(Q3 + ) and let E &e i/je trace of Borel(2 2 ) on Q. Then for each n G N the 
mapping 

$" : ((<B+r, ® n tr(Z)) ->• ® n E), . . . , 6 n ) := ($(60, • • • , 

zs an isomorphism of measurable spaces. 

Proof. It suffices to prove the case n — 1. Clearly, $ is one-to-one (because 2 separates 
the points of and cr(JJ)-E-measurable. On the other hand, for each To G Z we 
have 

$(T ) = {(l T (b)) TeZ : b G T } = f2 R {(x T W G 2 2 : x To = 1} G E, 

hence <J> _1 is E-cr(i?)-measurable. □ 

Lemma 3.18. Let D be a finite partition of < B + with D C Z, let T £ D and T G Z. 
Let g G A D (K). Write g = J2 r c s 

Definition ^. 12 and T D s = {b }. 

(1) The following statements are equivalent: 

(i) b G T; 

(ii) ii f (g) = fifuTo(g) f or every T G Z such that T R T = T R T . 

(2) T/ie following statements are equivalent: 
(i') &o£T; 

(ii') (Af(g) = / i f\To(fl') / or every T E Z such that T R T = T R T . 

Proof. (i)=^(ii) Let T G Z be such that TRT = TRT . Since 6 £ ^ by assumption, 
we have &o G T R T C T and so (T U T ) R s = T R s. Bearing in mind Remark 13.141 
we get [if(g) — t^TuToig)- A similar argument yields (i')=>(ii'). 

Now, in order to prove (ii)=^(i) and (ii')=^(i'), it is enough to check that state- 
ments (ii) and (ii') cannot hold simultaneously. To this end, pick T* G Z such that 
^T*\T (g) 7^ f^T*uT (g) ( we a Pply Lemma 13.131) and set 

f := (T* \ T ) U (T R T ) G Z. 
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Clearly, TUT = T* UT and T\T = T* \T , hence we have either [ifuToid) f^fid) 
or iJLf\T (g) 7^ Hf(g)- Since TnT = TnT , this shows that either (ii) or (ii') fails. □ 

Remark 3.19. Let D = {Ti, . . . , T n } be a finite partition of 23 + with D (1 Z. 

(1) Let i G {1, . . . , n}. Given T £ Z, since statements (ii) and (ii') in Lemma T3. 181 
(applied to T,) are independent of the representation of g G Ad (if), there is a 
mapping Vp>,t,,t : A D (K) -»■ {0, 1} such that, for any = ]T r cs ^1^^^ as 
in Definition 13.121 and writing Tj PI s = {bi}, we have 



^D.Ti,T is measurable with respect to the trace of Ba(C(if),u>) on Ad (if), 
thanks to Lemma 13.181 (applied to Tj). Define ipD,T f '■ Ad (if) — > 2 Z by 
^D,T t {g) '■= {^D,T,,T{g))Tez- Observe that 



^ : a d (k) n n , Mg) ■= W>D,Ty{g), • • • , 1>d,tM)- 

Clearly, ipo is measurable with respect to ® n T, and the trace of Ba(C(if), u>) 
on A D (K). 

(3) Let P C {1, . . . , n}. Define Cn,p ■ (*B + )™ -> M by 



\ieP / 

Then the mapping Ld,p '■ Ad(K) — >■ R given by Td,p := Cn,P ° ($ n ) _1 o 
satisfies Lo,p(g) = X(f] i&p bi) for every g G Ad (if) as above. 

From now on we deal with the additional assumption that c is a Kunen cardinal. 

Lemma 3.20. Suppose c is a Kunen cardinal. Then there is a countable algebra Zq 
on 23 + separating the points of < B + such that, for each n G N and PC {1, . . . , n}, the 
mapping ( n> p is ® n a(Z ) -measurable. 

Proof. Since = c is a Kunen cardinal, each ( n p is £g> n "P(33 + )-measurable. Thus, 
we can find a countable family C of subsets of < B + such that Cn,p is ® n cr(C)-measurable 
for every nGN and every P C {1, . . . , n}. Now, it is enough to choose any countable 
algebra Z on Q3 + which separates the points of 23 + and contains C. □ 

Lemma 3.21. Suppose c is a Kunen cardinal. Let D be a finite partition of 33 + . 
Then the restriction of the supremum norm to Ad{K) is measurable with respect to 
the trace of Ba(C(if ), w) on Ad (if). 




(2) 



i> D>Ti (A D (K))Qn, 

because for any g G Ad (if) as above we have ^D,Ti{g) = ®(h)- 
Thus, we can consider the mapping 
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Proof. Write D = {7\, . . . , T n }. We can suppose without loss of generality (by enlarg- 
ing Z if necessary) that D C Z and that all functions Cn,p are £g> n <r (immeasurable 
(see Lemma l3.20p . For each P C {1, . . . , n}, define 



N D , P : A D (K) -+ {0, 1}, N D , P {g):-. 



1 HL D , P (g)^0, 
if WO?) = 0. 



Since Ld,p is measurable with respect to the trace of ~Ba(C(K), w) on Ad (if) (combine 
Lemma [3. 171 and Remark 13 . 1 9j) . the same holds for Nd,p- 
Fix g G Ad(K) and write 

9 = Y.y^ l J^) 



rCs 



for some s C Q3 + finite with |Tj fl s| = 1 for every % G {1, . . . , n} and some collection of 
real numbers {y r : r C s} (see the proof of Lemma [3. 2p . Lemma l3.6( iv) ensures that 

2/r = #cv(fiO f° r every r C s with J(r) ^ 0. 

Hence # = J2 rQs Oc r (g)ljfc and therefore 



(3.14) 



r'Cs \rCr' J 



(see again the proof of Lemma |3~2]) . Write Tj D s = {6j} for every z G {1, . . . , n} and 
observe that for each P C {1, . . . , n} we have 



1 iffl ieP &^0, 



o ifn i6P 6i = o. 

Define C(Q) := {Tj : z G Q} for every Q C {1, . . . , n}. From ( 13331) it follows that 







sup 

r'Cs 
J(r')^0 



Ems) 



rCr' 



sup 

PC{l,..,n} 



E^C(Q)(^) 

QCP 



■ A^pG?)- 



As g G Ad (if) is arbitrary, the norm function || • || coincides with 

Nnp(-) 



sup 

PC{l,..,n} 



QCP 



on Ao(if) and so || • || is measurable with respect to the trace of Ba,(C(K),w) on 
Ad(K). The proof is over. □ 



Finally, we arrive at the main result of this subsection: 



Theorem 3.22. Suppose c is a Kunen cardinal. Then the restriction of the supremum 
norm to S(K) is measurable with respect to the trace ofBa(C(K),w) on S(K). 
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Proof. Let II be the collection of all partitions of 23 + into finitely many elements of Z. 
By Lemma [3.111 we can write S(K) = {J d&u Ad(K). Since II is countable and each 
Ad(K) belongs to the trace of Ba(C(K),w) on S(K) (see Corollary 13.161) . the result 
follows from Lemma 13.211 □ 

3.3. Some open problems. 

(A) Let L be a compact space. Is the Ba(C(L), u;)-measurability of the supremum 
norm on C(L) equivalent to the w*-separability of Bc(l)* or C{L)*1 What 
about the compact space K considered in this paper? 

(B) Let (X, || • ||) be a Banach space and suppose A C X is a norm dense set (or 
linear subspace) such that || • || is relatively Ba(X, it;) -measurable on A. Does 
this imply that || • || is Ba(X, w)-measurable on XI 

Note that the analogous question for the property U B X * is u>*-separable" has 
positive answer (just apply the Hahn-Banach theorem), while for the property 
U X* is w*-separable" it has negative answer, see [5j Example 1.1]. 

(C) Let L be a compact space and consider the 'square' mapping 

S:C(L)^C(L), S(g):=g 2 . 

Which conditions on L ensure that S is Ba(C(L), w)-measurable? 

Note that if L carries a strictly positive measure, say //, then the supremum 
norm on C(L) can be computed as 



\g\\= lim / f 2n dix 



f 2n 

' L 

hence || • || is Ba(C(L), w;)-measurable whenever S is Ba(C(L), w)-measurable. 
What about the compact space K considered in this paper? 
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